ON THE ABELIANIZATION OF 
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Abstract. Let F„ be the free group of rank n and let Aut^(F„) 
be its special automorphism group. For an epimorphism tt : F„ 
G of the free group Fn onto a finite group G we call r+(G,7r) — 
{ip & Aut^(F„) I TTip — tt} the standard congruence subgroup 
of Aut+(i^„) associated to G and tt. In the case n = 2 we fully 
describe the abelianization of r+ (G, tt) for finite abelian groups G. 
Moreover, we show that if G is a finite non-perfect group, then 
r+(G, tt) < Aut^(i^2) has infinite abelianization. 



1. Introduction 

1.1. Main Results. Let F„ be the free group on n generators and 
Aut(F„) its group of automorphisms. Moreover, let vr : — )■ G be an 
epimorphism of F„ onto a finite group G. The automorphism group 
Aut(Fn) acts in a natural way on the (finite) set of all epimorphisms 
from Fn onto G. By 

r{G, tt) := {(^ G Aut(F„) I 7r(^ = tt} 

we denote the stabilizer of tt under this action. The group r(G', tt) 
is called the standard congruence subgroup of Aut(-F„) associated to 
G and n. This is a finite index subgroup of Aut(F„). A subgroup 
of Aut(F„) containing some r(G', vr) is called a congruence subgroup 
o/Aut(F„). 

A classical question is whether every finite index subgroup of Aut(F„) 
is a congruence subgroup. Quite recently it has been shown that every 
finite index subgroup of Aut(F2) is a congruence subgroup. See [2] 
and [3]. For n > 3 this question is still open. 
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The groups r(G, vr) have been studied by various authors. For in- 
stance, in F. Grunewald and A. Lubotzky use the groups T{G, n) to 
construct hnear representations of the automorphism group Aut(F„). 
Our work is related to results of T. Satoh [HI |12], see also Section [L2l 
The joint work [T] of E. Ribnere and the author can be seen as an 
accompanying paper to the present one. 

The automorphism group Aut(F„) has a well-known representation 
onto GL„(Z) given by 

p : Aut(F„) Aut(F„/F;) = GL„(Z), 

where denotes the commutator subgroup of see P, Sec. 3.6] 
for details. Its kernel is denoted by IA„ and called the group of 1A„- 
automorphisms or sometimes also the classical Torelli group. For an 
interesting generalization see [13]. 

As one classically considers SL„(Z) instead of GL„ (Z), we focus on 
the special automorphism group Aut^(-F„) := p~-'^(SL„(Z)), which is 
a subgroup of index 2 in Aut(F„). We set r+(G', vr) := r(G', vr) fl 
Aut+(F„). This is a subgroup of index at most 2 in r(G, tt). The term 
congruence subgroup of Aut'''(F„) is defined in the obvious way. 

In this paper we study the abelianizations r"'"(G, vr)'^^ of the groups 
r~*'(G', vr) in the case n = 2. We remark that if G is abelian, then, up 
to conjugation, r+(G, tt) depends only on G but not on the particular 
epimorphism it : F2 ^ G, see [U Lem. 3.1]. Moreover, every finite 
abelian group generated by two elements can be written as Z/mZ x 
Z/nZ where n, m G M such that n \ m. The following theorem therefore 
covers all possible choices for an epimorphism n : F2 ^ G onto a finite 
abelian group. 

Theorem 1.1. Let m,n E N such that m > 3, n \ m and {m,n) 7^ 
(3, 1). Let G := Z/mZ x Z/nZ and n : F2 ^ G be an epimorphism. 
Then 

r+(G',7r)"^ = Gx z^+^2"'"™'n,i™(i-p-^) 

where the product runs over all primes p dividing m. 
Furthermore, we have 

r+(Z/2Z,7r)^'' = Z/2Z X Z/4Z x Z, 
r+(Z/3Z,7r)^^ = Z/3Z X Z/3Z x Z, 
r+(Z/2Z X Z/2Z,7r)^'' = Z/2Z x Z/2Z x Z/2Z x Z^. 
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Theorem 1.2. Let n : F2 ^ G be an epimorphism of F2 onto a finite 
non-perfect group G. Then r+(G', tt) has infinite abelianization. 

For n, m G N with n \ m we define a subgroup of SL2(Z) by 

r(m, n) := {( ^ ^ ) G SL2(Z) I a =m 1, 6 and c 0, 1}. 

By Pr(m,n) we denote the image of r(m,n) in PSL2(Z) under the 
natural projection. One of the main ingredients in our proofs is 

Proposition 1.3. Let m, G N such that m > 3, n \ m and (m, n) ^ 

(3, 1). Then r(m, n) and Pr(m, n) are free of rank 



In particular, for primes p > 5, the groups T{p, 1) < SL2(Z) are free 
of rank 1 + ■j^p'^i^ ~P~'^) so that the rank of T{p,l) grows quadratically 
in p. In contrast, for n > 3, one can show that the corresponding 
subgroups in SL„(Z) can always be generated by n(n — 1) matrices. 
See [5l Lem. 6.1]. 

1.2. Related Results and Open Problems. In [5J Grunewald and 
Lubotzky use the groups T{G, it) to construct linear representations 
of the automorphism group Aut(F„). In their concluding Section 9.4 
they present, for some explicit G of small order, the indices of the 
groups r+(G, tt) in Aut^(F„) and also the abelianizations of the groups 
r'*'(G',7r) which they obtain by MAGMA computations. Besides the 
case that G is finite abelian, they also consider the case that G = 
is a dihedral group. Their observations are explained by another result 
of the author, which says 



The proof of this result is elementary but rather long. It shall therefore 
be postponed to the author's Ph.D. Thesis. 

Actually, Grunewald and Lubotzky present computational results 
for some more finite groups G, e.g., G = A5. In all considered cases 
r"'"(G,7r) has infinite abelianization. For G non-perfect we now know 
by Theorem 11.21 that r+(G, vr)'^'^ is infinite. However, our proof does 
not work for perfect groups G. Hence we state 




p prime 




r odd 



r even 
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Conjecture 1.4. For every epimorphism tt : F2 — t- G onto a non- 
trivial finite group G the group r+(G, vr) < Aut^(F2) has infinite 
abelianization. 

The situation in the case n > 3 looks different. Indeed, Grunewald 
and Lubotzky show that for every epimorphism vr : F„ — )■ G from F„, 
n > 3, onto a finite abehan group, the group r(G, tt) < Aut(F„) has 
finite abehanization. This is Proposition 8.5 in [5J. Computational re- 
sults [5[ Sec. 9.4] indicate that r''"(G, vr) always has finite abelianization 
if n > 3. This leads to 

Problem 1.5. Does r+(G, vr) < Aut^(F„), where n > 3, have finite 
abelianization for every epimorphism ix : Fn ^ G onto a non-trivial 
finite group G ? 

Our work is related to results of Satoh [TTl [12]. In his papers Satoh 
considers the kernel T„ of the composition 

Aut(F„) ^ GL„,(Z) — > GL„(Z/mZ). 

One easily sees that for m > 3 we have T„^m = r"'"((Z/mZ)", vr) where 
TT : F„ — 7- (Z/mZ)" is the obvious epimorphism. Satoh shows that for 
n,m > 2 one has 

= (lAf ®zZ/mZ) X r„(m)^^ 

where r„(m) is the kernel of the natural epimorphism GL„(Z) — > 
GL„(Z/mZ). Since IA2 is free of rank 2, see [H Sec. 3.6, Cor. N4], 
for n = 2 this reads 

T^^ = (Z/mZ)2 X ^2(m)^^ 

Observe that for m > 3 we have T2{m) = r(m,m) < SL2(Z). This 
result therefore corresponds to our result in Theorem II. II for the special 
case G = (Z/mZ)^. Satoh also gives the integral homology groups of 
T2^p for odd primes p. In particular, he shows that 

Hi(T2,p,Z) = {Z/pZy X ^i+i2-V^(i-p-^)_ 

Since the first integral homology group is just the abelianization, this 
corresponds to our result in Theorem 11.11 for the special case G = 
{Z/pZf. 
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2. Congruence Subgroups of SL2(Z) 



2.1. Introduction. Let tt : F2 — )■ G be an epimorphism of the free 
group F2 onto a finite group G. In order to understand the image 
p{V^{G, vr)) in SL2(Z), we introduce some famihes of finite index sub- 
groups of SL2(Z). 

Recall that for two natural numbers m, n G N such that n | m we 
define the group 

r(m, n) = {( ^ ^ ) e SL2(Z) I a 1, 6 =^ and c 0, =n 1}. 

For m G N the group T{m) := r(m,m) is called the principal con- 
gruence subgroup o/SL2(Z) of level m. It is the kernel of the natural 
epimorphism SL2(Z) — )■ SL2(Z/mZ). A subgroup of SL2(Z) containing 
some r(m) is called a congruence subgroup of SL2(Z). It is a classi- 
cal result that not all finite index subgroups of SL2(Z) are congruence 
subgroups. See for example [7]. 
In [1] it is shown that 



All the above subgroups of SL„(Z) are clearly congruence subgroups. 

We denote the images in PSL2(Z) of r°(m), T^{m) and T{m) under 
the natural projection SL2(Z) — ?■ PSL2(Z) by Pr''(m), Pr^(m) and 
Pr(m), respectively. 

2.2. Free Congruence Subgroups. In |4] H. Frasch gives the follow- 
ing description of the groups Pr(p) for p prime. 

Theorem 2.1 (Frasch). Let p > 3 be a prime. Then Pr(p) is free of 
rank 1 + j^P'^(l — p~^)- Moreover Pr(2) is free of rank 2. 

We shall now generalize his result. Consider the natural projection 
SL2(Zi) — > PSL2(Z). By definition it maps r(m) onto Pr(m). For 
m > 3 the kernel {{ o-i)) of this projection has trivial intersection 



(2.1) 




p\m 



where the product runs over all primes p dividing m. 
It is convenient to use the following notation. 

r°(m) := {A G SL2(Z) I A = (: ) mod m}, 
ri(m) := {A G SL2(Z) I A= (10) mod m}. 
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with r(m). Hence we obtain an isomorphism 

r(m) ^> pr(m). 

Note that this argument does not work for the case m = 2. Indeed, in 
contrast to Pr(2), the group r(2) is not free but the direct product of 
a rank 2 free group and a cychc group of order 2. This is the reason 
for the third exceptional case in Theorem 11.11 

Lemma 2.2. Let m > 3. Then r(m) = Pr(m) is free of rank 




where the product runs over all primes p dividing m. 

Proof. Observe that for mi,m2 G N such that mi \ m2 we have T{m2) < 
r(mi). Accordingly, the main point in our proof is that a subgroup of 
a free group is again free and its rank is given by the Schreier Formula 
[HI Thm. 2.10]. Since r(2) is not free, we consider two cases. 

Case 1: We have m = 2" for some a > 2. One can verify that Pr(4) 
has index 4 in Pr(2). Since the latter group is free of rank 2, we find 
that Pr(4) is free of rank 5 and hence so is r(4). From (12.11) we know 
that r(2'') has index 2^"'^ in r(4). We thus find that r(2'^) is free of 
rank 1 + j^2^''{l - 2"^), as claimed. 

Case 2: We have po \ m for some prime pq> 2. Again by (12. ip . we see 
that 



[r(po) : r(m)] = 




Since, by Proposition 12. H r(po) is free of rank 1 + ]^Po(l ^Po^)) 
obtain the desired result. □ 

We next wish to generalize this result even further to the groups 
r(m,n) where m > 3, | m and (m, n) ^ (3, 1). The first step is, of 
course, to show that these groups are free. Here we use the well-known 
description of PSL2(Z) free product 



PSL2(Z) = 




6 



where the first factor has order 2 and the second one has order 3. From 
the Kurosh Subgroup Theorem [HI Cor. 4.9.1] it follows that every non- 
trivial element of finite order in PSL2(Z) has either order 2 or 3. 

Using this observation and considering some minimal cases, we ob- 
tain 

Lemma 2.3. Let m > 4, then Pr^(m) is a free group. 

Proof. First we consider the case that m has a prime factor p > 5. 
Note that it suffices to show that PT^{p) is free. To this end, we show 
that FT^{p) does not contain a non-trivial element of finite order. Then 
the Kurosh Subgroup Theorem yields the desired result. Assume that 
is a non-trivial element of finite order. By definition of 
FT^{p) we have 



Now we consider two cases. 

Case 1: = 1. Then the order of A divides p and we have a contra- 
diction, since A has either order 2 or 3. 

Case 2: A^ ^ 1. Then A^ is a non-trivial element of Pr(p), which is, 
by Theorem 12. ![ a free group. Hence A^ does not have finite order, 
contradiction. 

To prove the result for m not having a prime factor > 5, it suffices 
to consider the cases where m = 4, 6, 9. By an explicit computation, 
using the Reidemeister-Schreier Method, one verifies that Pr^(m) is 
also free in these cases. □ 

From Lemmas 12. 2[ 12. 3[ the formulas (12.11) and the Schreier Formula, 
we obtain Proposition 11.31 

H. Rademacher [lO] gives a very explicit description of the groups 
Pr°(p) for p prime. Observe that for p G {2, 3} the groups FT^{p) and 
Pr^(p) coincide. By two examples of Rademacher we have 




mod p 



for some < k < p — 1. It follows that 




mod p. 



PT\2) ^Z*Z/2Z 
Pr^(3) = Z*Z/3Z. 
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In particular, Pr^(2) and Pr^(3) are not free. This is the reason for 
the first two exceptional cases in Theorem ll.li 

3. Proofs of the Main Results 

3.1. Proof of Theorem II. IL Let G = Z/mZ x Z/nZ where m > 3, 
n I m and (m, n) ^ (3, 1). Then, by p4 Lem. 3.1], up to conjugation, the 
group V^{G, tt) only depends on G but not on the particular choice of 
the epimorphism tt : F2 — )■ G. We may thus suppose that 7r(a;) = (1, 0) 
and 7r(|/) = (0, 1). We have an exact sequence 

1 — ^ IA2 — > r+(G, tt) ^ r(m, n) — ^ 1. 

By Proposition 11.31 the group r(m,n) is free of rank 

Let \Mi = ( ) I 1 < i < r} be a set of free generators of r(m, n) and 
write F2 = {x,y). Moreover, let ipi G Aut'''(F2) such that p{fi) = Mi, 
that is 

(3.1) (pi{x) = aiX + CiU, ipi{y) = hix + diU mod F!^ 

where F2 denotes the commutator subgroup of F2. By a classical result 
of J. Nielsen pi Sec. 3.6, Cor. N4] the group IA2 is free on ax^dy, the 
inner automorphisms given by conjugation with x and y, respectively. 
Now a result of P. Hall, see [6l Ch. 13, Thm. 1], yields that r+(G, tt) 
admits a presentation 

{ax-, ay, ipi,...,Lpr I v^jOxV^r^ = '^ii ^iC^yfi^^ = Vi for 1 < i < r) 
where the Wi and Vi are suitable words in ax, ay. We have 

(fiax<^~^ = a^^i^x), <^iay<^7^ = a^^^y) 
for 1 <i <r. Hence, from (13. ip it follows that 

(3.2) a^ = aio^ + qo^, = ha^ + diO^ 

in the abelianization of r^(G, tt). This yields that r+(G', vr)^*^ is the 
abelian group generated by cl^, and 1 < « < r, subject to the 
relations (13. 2p . Observe that {W) E T{m,n). Hence this matrix is a 
product of the and one consequence of the relations (13. 2 p is 
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We thus find that nay = 0. Similarly we find that max = 0. Obviously 
we can rewrite the defining relations (13. 2p as 

(3.3) (oj - = CjO^, {1 - di)a^ = biW^. 
By definition of r(m, n) we have 

(oi — 1) = 6j = mod m, (1 — rfj) = q = mod n 

for 1 < 2 < r so that all relations in (13. 3p are consequences of rria^ = 
and ria^ = 0. Hence we obtain a presentation 

T^{G, irY^ = {a^, a^, Tpi, . . . , | abelian, ma^ = 0, na^ = 0). 

This proves r^(G, tt)^^ = G x Z*". The three special cases can be 
obtained by an explicit computation. 

3.2. Proof of Theorem 11.21 Let G be a finite non-perfect group. 
First we consider the case that G/G' = Z/2Z where G' denotes the 
commutator subgroup of G. Then we naturally obtain an epimorphism 

n:F2^G — > Z/2Z. 

One easily verifies that 

(3.4) r+(G, tt) < r+(Z/2Z, tt). 

By [H, Lem. 3.1] there is some (/? G Aut^(F2) such that 7rip{x) = 1 
and 7tip{y) = 0. Observe that T^{G,7T{p) = ip~^T^{G,TT){p. We may 
therefore assume that 7t{x) = 1 and Tf{y) = 0. We set 

p : Aut+(F2) ^ SL2(Z) ^ PSL2(Z) 

where the second epimorphism is the natural projection. Note that p is 
onto. Since p induces an epimorphism r~^{G, 

^)ab ^ p(^+(G,7^))^^ it 

suffices to show that p(r'^(G, vr)) has infinite abelianization. By (13.41) 
we have 

p(r+(G, tt)) < p(r+(z/2Z, tt)) = pr\2). 

Hence p(r+(G,7r)) is a finite index subgroup of Pr^(2). Note that 
Pr^(2) = Pr°(2). By an example of Rademacher [101 Sec. 8], we have 

-\ :))*((; :f 



pr°(2) 



where the the first factor is infinite cyclic and the second one has or- 
der 2. The Kurosh Subgroup Theorem yields that p(r+(G, vr)) is the 
free product of 
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(i) a possibly trivial free group, 

(ii) certain subgroups of conjugates of (( ii ? )), 

(iii) certain conjugates of ((} I?))- 

We shall prove that a free factor of type (i) or (ii) actually appears. 
For a contradiction, let us assume that p{r'^{G, tt)) is the free product 

of factors of type (iii) only. Then p{r~^{G, tt)) is generated by elements 
of order 2 and p{T+{G, tt)^^ ^ (Z/2Z)™ for some m G N. Let k be the 
order of G. Then the automorphism (p e Aut'''(F2) given by 

ip(x) = xy'', ip(y) = y 

is an element of r+(G,7r). Hence 

M:= J) ep(r+(G,7r)). 

Since M E (( ii ?)), one easily sees that the image of M in FT^{2)^^ 
has infinite order. On the other hand, the image of M in p(r{G, tt))*^^ 
must have finite order. Observe that the inclusion map p{r^{G, tt)) ^ 
Pr°(2) induces a homomorphism p(r+(G', tt))^'" Pr°(2)^'^ such that 
the following diagram commutes. 

p(r+(G,7r)) >pr°(2) 

p(r+(G, tt))^^ — ^ pr\2)^^ 

This implies that the image of M in Pr°(2)^'' has finite order, contra- 
diction. 

The proof for = Z/3Z is almost the same. In the remaining 
cases, we find that p(T^{G,7i)) is a finite index subgroup of a free 
subgroup of PSL2(Z). In particular, it has infinite abelianization and 
so must have r+(G, tt). 
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